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ABSTRACT
The formation of giant planets requires accumulation of ∼10 Earth mass in solids; but how do protoplanets
acquire their mass? There are many, often competing processes that regulate the accretion rate of protoplanets.
To assess their effects we present a new, publicly-available toy model. The rationale behind the toy model is that
it encompasses as many physically-relevant processes as possible, but at the same time does not compromise
its simplicity, speed, and physical insight. The toy model follows a modular structure, where key features
– e.g., planetesimal fragmentation, radial orbital decay, nebula turbulence – can be switched on or off. Our
model assumes three discrete components (fragments, planetesimals, and embryos) and is zero dimensional in
space. We have tested the outcomes of the toy model against literature results and generally find satisfactory
agreement. We include, for the first time, model features that capture the three-way interactions among small
particles, gas, and protoplanets. Collisions among planetesimals will result in fragmentation, transferring a
substantial amount of the solid mass to small particles, which couple strongly to the gas. Our results indicate
that the efficiency of the accretion process then becomes very sensitive to the gas properties – especially to
the turbulent state and the magnitude of the disk headwind (the decrease of the orbital velocity of the gas with
respect to Keplerian) – as well as to the characteristic fragment size.
Subject headings: planets and satellites: formation — protoplanetary disks — methods: statistical
1. INTRODUCTION
Giant, gas-rich planets are not formed in one day, but their
formation should be complete within the ∼106 yr over which
the gas-rich phase of protoplanetary disks last (Fedele et al.
2010). As there are about 100 e-foldings required to grow a
sufficiently massive core (∼10 M⊕; Pollack et al. 1996) out of
ISM dust grains (m ≈ 10−17 g), this nevertheless represents a
fast process. Not only is the process fast: the planet formation
mechanism also seems to be very efficient. Over the years sur-
veys like Harps and Kepler have discovered a wide number
and variety of exoplanets (Mayor et al. 2011; Howard et al.
2011). Planet formation may be ubiquitous.
The view that the initial stage of giant planet forma-
tion proceeds similarly to that of terrestrial planet forma-
tion is commonly held. This is the core accretion paradigm
(Mizuno et al. 1978; Pollack et al. 1996): a rocky core is
formed first, whereafter it binds the nebular gas, when it be-
comes sufficiently massive. Another paradigm for the forma-
tion of massive planets is the disk-instability model, where
the gaseous disk is sufficiently massive to become gravita-
tionally unstable (e.g., Mayer et al. 2007; Boley 2009; Boss
2011). Here, we will consider the core accretion paradigm
and focus exclusively on the problem of forming a ∼10 M⊕
core quickly enough.
An important intermediate step is the formation of planetes-
imals – gravitationally interacting bodies usually thought to
be of km-size or larger (Safronov 1969). These are the build-
ing blocks for planets. Indeed, a typical assumption in pro-
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toplanet growth studies is that the majority of solids (i.e., the
rock and ice) of the protoplanetary disk resides in planetesi-
mals. But how planetesimals form in the first place remains
ill-understood. Models favoring direct sticking by dust par-
ticles (Weidenschilling 1997), have recently been confronted
with a variety of obstacles: the fragmentation barrier at m-
sizes (e.g., Birnstiel et al. 2010); the bouncing barrier at mm-
sizes (Gu¨ttler et al. 2010; Zsom et al. 2010, 2011); or a charg-
ing barrier for even smaller (and fluffier) particles (Okuzumi
2009). Perhaps these results indicate that planetesimal for-
mation requires special conditions: e.g., sticky material prop-
erties (like ice; Wada et al. 2009); particle pileups in drift-
free regions (Youdin & Chiang 2004; Kretke & Lin 2007;
Brauer et al. 2008); concentration of chondrule-size particles
and their subsequent gravitational collapse (Cuzzi et al. 2010;
Chambers 2010); or the shearing instability that operates on
a dense layer of dm-m size boulders (Youdin & Goodman
2005; Johansen et al. 2007, 2009).
The transition to planetesimal size bodies, instigates
the runaway and oligarchic growth phases (Ida & Makino
1993; Kokubo & Ida 1996, 1998; Ormel et al. 2010a).
Runaway growth is fast and a protoplanet seed forms
(Wetherill & Stewart 1989). However, at some point the run-
away body faces a backlash from its own viscous stirring,
thereby allowing embryos1 in neighboring zones to catch up
in terms of mass. What follows is a two component system
of embryos and planetesimals, with the latter containing most
1 We will employ the phrasing ‘oligarchs’, ‘core’, ‘embryo’, and ‘proto-
planet’ mostly as synonyms. More correctly, an embryo or protoplanet con-
sist of a rocky (or icy) core with a gaseous atmosphere.
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of the solid mass. The core formation challenge then amounts
to transferring the mass reservoir of planetesimals onto these
embryos.
There have been recent reviews of the runaway/oligarchic
growth stage (e.g., Goldreich et al. 2004; Levison et al. 2010;
Ormel et al. 2010b) and we will not repeat these here, but the
underlying problem is that during oligarchic growth embryos
dynamically stir the planetesimals faster than they can accrete
them. For this reason, the next e-folding in embryo mass al-
ways takes longer than the previous. Allowing for embryo
atmospheres (Inaba & Ikoma 2003), which enhances the ra-
dius at which planetesimals will be captured, alleviates the
problem somewhat, but generally modelers require massive
disks – more massive than the minimum mass solar nebula
(MMSN; Weidenschilling 1977b; Hayashi et al. 1985) bench-
mark – to form massive protoplanets within the time that the
gas disk disperses.
However, planetesimal-planetesimal collisions cause a co-
pious amount of debris, especially for massive disks. The
question is whether these fragments – or small particles in
general – are more conducive to growth than their km-size
progenitors. This is not an easy question to answer since
smaller particles interact more strongly, and in more di-
verse ways, with the gas. On the positive side, gas damp-
ing is much stronger, reducing their eccentricities. Simi-
larly, the dissipative nature of gas drag enhances capture rates.
However, orbital decay timescales can be extremely short
(Weidenschilling 1977a) and diffusion by turbulence could
severely dilute their midplane densities. One of the foci of this
work is to capture these key physical processes into a common
framework.
The two component approximation with which oligarchic
growth is characterized renders it ideal to be studied by
simple numerical or even analytical models (Goldreich et al.
2004; Chambers 2006, 2008; Brunini & Benvenuto 2008;
Guilera et al. 2011). With a ‘toy model’ (TM) we mean
anything where the mass distribution is approximated by
two or three (in case fragments are included) components.
This in contrast to models that include the full mass spec-
trum (e.g., Weidenschilling 1997; Kobayashi et al. 2010;
Bromley & Kenyon 2011), which may be referred to as ‘so-
phisticated’. The goal of a TM may be to provide physi-
cal insight or to allow for a quick (but still sufficiently ac-
curate) computation. Population synthesis models, for exam-
ple, Ida & Lin (2004), Mordasini et al. (2009), and their se-
quels employ a TM for the embryo growth stage, if not for
all stages. But do TMs capture all relevant physics? There is
often a tendency for the (above) TM to include more sophisti-
cated features, e.g., a radial dimension to follow the migration
of protoplanets or multiple mass bins to capture the collisional
cascade.
In this work we will attempt to adhere more strictly to what
we consider characterizes a TM. Specifically this demands the
model to be:
1. Quick. CPU speeds should be seconds, rather than
hours, let alone days.
2. General. That is, it should include all relevant physical
process that could potentially affect protoplanet growth;
3. Transparent. It must be clear which effect causes what.
Combining the second and third properties is challenging,
since a more complete model, characterized by more features,
is often also a more complex one. For that reason, we have
opted for a modular approach, where features can be switched
on or off. As a result of the first and third property, our TM
contains many simplification, perhaps oversimplifications.
However, in our view, a TM is complementary, not in com-
petition, to more sophisticated models of planet formation.
That is, the TM provides a first glance of what result may be
expected. It can explore the parameter space most efficiently
and assesses whether or not novel features do matter. It may
not get the details correct; its results may even be off by sev-
eral factors of unities. But here it is where it can work in
conjunction with sophisticated models.
In this paper, the emphasis lies on the presentation and val-
idation of the toy model to follow protoplanet growth. In § 2
we present the toy model. In § 3 we validate it against several
literature studies. In § 4 the novel features of the toy model
are explored. We summarize and conclude in § 5.
2. THE TOY MODEL
This section presents the toy model in detail.2 In § 2.1 we
give an overview of the features. In § 2.2 we describe how the
accretion rate, or , equivalently, the embryo growth timescale,
is computed. Sections 2.3 and 2.4 address how the dynami-
cal state (eccentricities of planetesimal and fragments) is ob-
tained. Section 2.5 discusses collisional fragmentation, i.e.,
the way collisions affect the surface density in planetesimal
and fragments and their characteristic sizes. Section 2.6 dis-
cusses how drift motions affect the surface density of the com-
ponents. We summarize the algorithm in § 2.7.
2.1. Overview, model switches, and caveats
A sketch of the toy model is given in Fig. 1. The mass dis-
tribution is approximated by three component: embryos (E),
planetesimals (P) and fragments (F), each characterized by a
size (sk or RE for the embryos), surface density Σk, and ec-
centricity ek where k is one of E, P, or F. These quantities are
referred to as the state variables of the system. In our TM
we quantify how the components influence each other. Em-
bryos will dynamically excite the planetesimal and fragment
population and their mass increases due to accretion. Plan-
etesimal fragmentation transfers mass from the planetesimal
to the fragment population. Collisions among these compo-
nents can alter their characteristic size (sP or sF ). Finally,
the gas from the disk plays a crucial role: it damps the ran-
dom motions (eccentricities) of planetesimals and fragments,
but may also excite eccentricities due to turbulence-induced
density inhomogeneities in the gas. Furthermore, the gas de-
pletes the surface density due to radial drift. To complement
the model we allow (optionally) for an external inflow of mat-
ter at a rate ˙Mext.
An overview of the binary switches the toy model contains
is provided in Table 1. These can be turned on or off depen-
dent on the problem under consideration. Due to this mod-
ular nature, they are referred to as switches. When a switch
equals 0 it means the feature is turned off; when switch=1,
it is turned on. The atmosphere enhancement (AE) and nebula
drag (ND) switches affect the efficiency of accretion. Atmo-
sphere enhancement results in a larger accretion cross section
due to energy dissipation effects. Likewise, the nebular gas
causes the orbit to be modified from the usual (dissipationless)
2-body approximation, thereby also modifying the collision
2 The Python source code of the toy model is publicly available at
http://astro.berkeley.edu/∼ormel/software.html.
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Figure 1. Sketch of processes affecting the dynamical state (red arrows) and the surface density (black arrows) of the components. Each of the three components
is characterized by a surface density Σk, size, sk (or RE for the embryo’s), and excitation state ek (the embryos’ eccentricity is by definition 0). Dashed arrows
denote external processes like gas drag and drift motions. The random motion (eccentricity) of the planetesimal and fragment population is increased by viscous
stirring and turbulent stirring, and damped by gas drag. The surface density in embryos increases due to accretion. The surface density in fragments and
planetesimals changes to accretion, mutual collisions (erosion and fragmentation), radial drift, and inflow of solids from external regions. Collisions within the
planetesimal and fragment population changes the characteristic size (sP and sF ) of these bodies (blue arrows).
Table 1
The list of binary switches (in alphabetic order) that can be turned on or off.
Switch Abbr Accounts for the . . . Discussed in
Atmosphere enhancement AE Increase in the capture radius due to trapping of particles in protoplanets atmospheres. § 2.2.4
Erosive collisions ER (Fragmenting) collisions between fragments and planetesimals § 2.5.3
Fragmentation FR Fragmentation of planetesimals by planetesimal-planetesimal collisions § 2.5
Oligarchy OL Presence of neighboring protoplanets § 2.2.1 and 2.6
Planetesimal growth PG Growth of characteristic planetesimal size, due to planetesimal-planetesimal collisions § 2.5.4
Nebular drag ND The nebular flow in calculating the accretion rates of particles coupled to the gas. § 2.2.3
Radial drift RD Depletion of the surface density due to orbital decay of planetesimals and fragments § 2.6
Turbulent diffusion TD Vertical diffusion of particles due to turbulence, reducing their midplane density § 2.2.3
Turbulent stirring TS Additional excitation of planetesimals due to gravitational scattering by turbulence-
induced density fluctuations
§ 2.3.2
rate. Fragmentation among planetesimals is included when
FR=1, and planetesimal-fragment erosive collisions are addi-
tionally included when ER=1. The oligarchic switch (OL) indi-
cates the presence of neighboring protoplanets, which affects
the accretion rate and the drift timescales of solids. Growth
of planetesimals is taken into account when PG=1; otherwise
the planetesimals characteristic size sP does not evolve. Ra-
dial drift (by fragments and planetesimals) is included when
RD=1. Stirring due to turbulence-induced density fluctuations
is included when TS=1; otherwise, viscous stirring by em-
bryos is the only mechanism that excites the eccentricities of
the planetesimal bodies. Finally, we consider the possibil-
ity of vertical diffusion of particles due to turbulent diffusion.
The TD switch is then turned on.
Other (continuous) parameters of the toy model are listed
in Table 2. The toy model is further characterized by the fol-
lowing properties and assumptions:
1. We prefer physically-motivated order of magnitude ex-
pressions rather than detailed black-box formulas. This
implies that we favor physical insights at the expense of
precision.
2. There is no explicit radial dimension. Type-I migration
is neglected. Removal of (small) particles by aerody-
namic drift is included (if RD=1), and an (ad-hoc) in-
jection rate of mass may be provided (Mext , 0). A
global interpretation (see § 2.6) can be made when oli-
garchy is assumed (OL=1), but fundamentally the model
is strictly local.
3. The model assumes a bimodal (or trimodal) distribution
for the mass. This implies an instantaneous jump from
the planetesimal size sP to the fragment size sF . Fur-
thermore, the three-component assumption is not appli-
cable to follow the runaway growth phase (the phase
preceding oligarchic growth).
4. Regarding the dynamical state (computation of eccen-
tricities), the model assumes a balance between the
(viscous) stirring timescale and a limiting timescale
(§ 2.4). We do not integrate the stirring rates (de2k/dt or
di2k/dt). This setup implies memoryless behavior; e.g.,
the eccentricities follow from the current values of Σk
and ME .
5. We implicitly assume that ΣE ≪ ΣF + ΣP, such that the
random motions of protoplanets are negligible due to
dynamical friction (eE = 0). The toy model is therefore
only valid as long as oligarchy pertains.
2.2. The accretion rate
2.2.1. Hill units and key definitions
We define the total accretion rate of the embryo as
dME
dt =
∑
k=P,F
CaccPcol,kΣkRhvh, (1)
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Table 2
List of parameters and frequently used symbols.
Symbola Default valueb Description Reference
∆vkl Relative velocity between particles of component k and l Section 2.2.2
Σ[g,k] Gas surface density (Σg); solid surface density of component k (Σk) Equation (49)
Σini (mmsn) Initial total surface density in solids Equation (49)
Ω (mmsn) Local orbital frequency corresponding to disk radius a0 Section 2.2.1
αE Embryo radius in terms of Hill radius Equation (3)
αss 10−4 Shakura & Sunyaev (1973) turbulence viscosity parameter Section 2.2.3
γ 1.4 Adiabatic constant of the gas Section 2.2.4
ξ 0.1 Control parameter for timestep increment Section 2.7
κ 0.01 cm2 g−1 Atmosphere opacity Section 2.2.4
ρ Gas density within the embryo’s atmosphere (Appendix) Appendix B
ρ[c,s] 1 g cm−3 Internal density of the embryo’s core (ρc); and solids (planetesimals, fragments; ρs )
ρg (mmsn) Gas density of the nebula midplane at a disk radius a0 Section 3
σkl Cross section for collisions between components k and l (main paper); dimensionless
density (Appendix)
§ 2.2.2; Appendix B
τfr (mmsn) Dimensionless friction time (= TfrΩ) Sections 2.2.3 and 2.3.3
Cacc 1 or 1.5 Accretion rate correction factor due to embryo-embryo merging Section 2.2.1
Cdrift 0.5 Prefactor for determining the drift timescale, applicable when OL=1 Section 2.6, equation (44)
Ccol 36 Numerical constant that enters the stirring rate expression Equation (5)
Cgg 9.0 Prefactor in strength expression for gravitationally-bound bodies Equation (29)
Hg Scaleheight gas disk (= cs/Ω) Section 3
L⋆ 1 L⊙ Stellar luminosity Equation (50)
M⋆ 1 M⊙ Stellar mass
M[c,E] [core, Embryo] massc
Mini,E 10−6 M⊕ Initial core mass Section 3
Miso Isolation mass Equation (51)
˙Mext(t) 0 Mass accretion rate of solids from exterior regions drifting past the embryo Section 2.6
Pcol Specific collision rate in terms of Hill units Section 2.2.1
Pcol,2d Specific collision rate in Hill units in the 2-dimensional limit Section 2.2.3
Pvs Viscous stirring rate in Hill units Equation (15)
Pvs,sd 73 Max stirring rate, obtained at Hill eccentricities eh ≪ 1 Section 2.2.3
R[a,b,c,h,E] [Atmosphere-enhanced, Bondi, core, Hill, embryo] radiusc Sections 2.2.1 and 2.2.4
Tcol,kk Collision timescale for planetesimal-planetesimal or fragment-fragment collisions Equation (26)
T[Σ,dr,fr],k [Depletion, drift, friction] timescale of planetesimals or fragments Equations (46), (19), and (42)
Tgr,k Growth timescale of embryos due to accretion of component k Equation (4)
Tg (mmsn) Temperature nebula at a = a0 Equation (50)
Tstir Net stirring timescale (maximum of Tvs and Tts) Equation (18)
T[ts,vs] Timescale for [turbulent,viscous] stirring Equations (17) and (16)
Q0g 107 cm2 s−2 Prefactor for the gravity regime in the Q∗d law Equation (29)
Q0s 2.1 cm5 s−2g−1 Prefactor for the strength regime in the Q∗d law Equation (29)Q∗d Material strength Equation (29)
Wsim Radial width of the simulated region Section 2.6
Wneb Dimensionless parameter for the calculation of atmosphere structure Equation (13)
a0 5.0 AU Disk radius (semi-major axis)
˜b 12.5 Separation of oligarchs in units of the Hill radius Rh Section 2.3.1
b[g,s] [1.19, −0.45] Exponent of [gravity, strength] term in Q∗d law Equation (29)
cs (mmsn) Isothermal sound speed Section 3
[ek , eh,k] [Orbital, Hill eccentricity] of component k Section 2.2.1
eh1 2.34 Transition Hill eccentricity for Pvs fit Section 2.3.1, Figure 3
hk Scaleheight particle layer accounting for Keplerian inclination and turbulent diffusion Equation (9)
ik Orbital inclination Section 2.2.2
qk Ratio collision energy over collision strength Equation (28)
sk Radius planetesimals or fragments
sF,ini Initial radius fragments Figure 5
sP,ini 10 km Initial radius planetesimals
vK Keplerian (orbital) velocity corresponding to a0
vesc Escape velocity of the embryo Section 2.2.2
vh Hill velocity Section 2.2.1
vhw 54 m s Headwind velocity experienced a by heavy body due to sub-Keplerian moving gas Section 2.3.3, Equation (11)
vrd,k Radial drift velocity for particles of component k Equations (21) and (22)
a The dummy index k (one of E, P, or F) indicates one of the three components of the toy model (embryos, planetesimals, or fragments). Occasionally,
similar symbols are combined in one line using square brackets.
b A number indicates the default value of the parameter; ‘(mmsn)’ implies that (by default) we follow the minimum-mass solar nebula model (§ 3).
c The atmosphere is assumed not to contribute significantly to the embryo’s mass, i.e., ME = Mc. The embryo radius RE , as it appears throughout § 2.2 is
either the atmosphere capture radius Ra (when AE=1) or the core radius Rc (when AE=0).
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where ME is the embryo mass, Cacc a correction factor for
oligarchic growth (discussed below), Σk the surface density
and the sum is over the planetesimals (k = P) and fragments
(k = F) components. The Hill radius Rh is defined as
Rh = a0
(
ME
3M⋆
)1/3
, (2)
with a0 the semi-major axis of the protoplanet, M⋆ the stellar
mass, vh = RhΩ the Hill velocity, and Ω = Ω(a0) the orbital
(Kepler) frequency at a0. Finally, Pcol is the specific accretion
rate, which depends on the eccentricities (e) of the particles,
their scaleheight (or inclination, i), and the dimensionless ra-
dius of the embryo:
αE =
RE
Rh
=
1
a0
(
9M⋆
4πρc
)1/3
≈ 10−3
(
5 AU
a0
) (
ρc
3 g cm−3
)−1/3
,
(3)
where RE is the radius of the embryo (the core radius) and ρc
its density. Note that αE is primarily a function of disk radius
a0. We further introduce the Hill eccentricity eh = evK/vh.
The use of the Hill eccentricity eh is convenient since it dis-
tinguishes the dispersion-dominated (d.d.) regime (eh > 1),
where approach velocities are determined by the planetesi-
mal eccentricities, from the shear-dominated (s.d.) regime
(eh < 1), where approach velocities are given by the shear
of the Keplerian-rotating disk.
In equation (1) Cacc represents a correction factor to dM/dt,
relevant for oligarchic growth, due to the self-accretion of em-
bryos. Its value can be obtained as follows. During their
growth embryos keep a distance of ˜bRh with ˜b ≈ 12.5 constant
(Kokubo & Ida 1998). Since Rh ∝ M1/3 the number of em-
bryos has halved when their mass has increased by a factor 8.
Thus, the growth by a factor of 8 is split with embryo-embryo
growth accounting for a factor of 2 and embryo-planetesimal
growth accounting for a factor of 4. Therefore, Cacc = 1.5,
when we consider oligarchic growth (OL=1). Otherwise, if we
consider a single protoplanet (OL=0) the correction does not
apply and Cacc = 1.
From equation (1), the accretion (or growth) timescale for
each component is defined as
Tgr,k ≡
ME
dME/dt
=
ME
CaccPcol,kΣkRhvh
. (4)
Next, we derive expressions for Pcol for the d.d.- (eh > 1) and
s.d.-regimes (eh < 1) .
2.2.2. The dispersion-dominated regime: eh > 1
In the dispersion-dominated (d.d.) regime the relative ve-
locity between particle and protoplanet is given by the eccen-
tricity of the former, ∆vEP = ePvK where vK = a0Ω is the
Kepler velocity. The d.d.-regime is generally valid for big
bodies, orbiting on a well defined Kepler orbit of inclination
that is half of the eccentricity, i = e/2 – the so called equilib-
rium value. For Pcol we adopt
Pcol = Ccol
αE
e2h
(5)
with Ccol = 36 (Greenzweig & Lissauer 1990, 1992).
As an illustration, let us verify the validity of equation (5)
by an order-of-magnitude argument. The rate at which a pro-
toplanet sweeps up particles can be written as
dME
dt ≈ nPσEP(∆vEP)mP, (6)
where (nPσEP∆vEP)−1 is the collision timescale between plan-
etesimals and embryos, mP the mass of the planetesimal, nP
the number density of planetesimals, σEP the gravitationally-
enlarged collision cross section. Gravitational focusing en-
larges the collisional cross section to σEP = πR2E(vesc/∆vEP)2
where vesc =
√
2GME/RE is the escape velocity of the em-
bryo with G Newton’s gravitational constant.3 Furthermore,
we can write nP = ΣP/2hPmP, with hP ≈ ia0 the scaleheight
of the planetesimal layer and i = e/2 the inclination. Then,
equation (6) becomes
dME
dt ≈ πR
2
EΣkΩ
(
vesc
evK
)2
. (7)
It can be shown that REv2esc = 6Rhv2h; and since ehvh = evK
the above equation, up to a constant, equals equation (1) with
equation (5) for Pcol. The larger value of Ccol above is due to
the averaging over a distribution of eccentricities.
2.2.3. The shear-dominated regime: eh < 1
In the shear-dominated (s.d.) regime – valid mostly for
smaller particles – the expression for Pcol is not so straight-
forward as equation (5). First, inclinations start to decouple
from the eccentricities (Ida et al. 1993); the ratio i/e = 1/2 is
no longer maintained. Nevertheless, we will assume this rela-
tion to hold as we do not separately compute the inclinations.
More important is the way the gas interacts with the (small)
fragments – a subtlety that is sometimes neglected in studies
of oligarchic growth. We consider two effects:
1. When disks are turbulent, diffusion of particles causes
them to spread over a vertical height hk that may be
much larger than the corresponding value due to their
inclination (ia0). Here, we take the ensuing scaleheight
for the dust as
Hg
√
αss
αss + τfr
(8)
(Youdin & Lithwick 2007) where τfr ≡ TfrΩ is the di-
mensionless stopping time (see definition in § 2.3.3),
αss the familiar turbulent diffusion parameter first intro-
duced by Shakura & Sunyaev (1973), and Hg the scale-
height of the gas. The net scaleheight of the particle
layer – the quantity used in Pcol (see below) – is ap-
proximated as:
hP = max
(
ia0, Hg
√
αss
αss + τfr
)
. (TD=1) (9)
Thus, when τfr ≪ αss the particles’ scaleheight be-
comes equal to that of the gas. But even when τfr > αss
turbulent diffusion can result in a scaleheight much
larger than that from inclination alone (hP = ia0 when
αss = 0 or TD=0). When gas-drag effects do not affect
Pcol (i.e., ND=0), the maximum collision rate is attained
when the particles reside in a thin layer (hP → 0). For
this gas free, 2D configuration Pcol = Pcol,2d ≈ 11α1/2E(e.g., Ida & Nakazawa 1989). This 2D limit is valid
when the particle scaleheight is less than bcol, the im-
pact radius for accretion. Otherwise, the local density
3 More correctly, the focusing factor is 1 + v2esc/(∆vEP)2 but in our case
we ignore the unity term since gravitational focusing factors for oligarchic
growth are always ≫1.
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Figure 2. Specific collision rate Pcol for a 0.1 M⊕ protoplanet situated at 5 AU. (left) Pcol as function of Hill eccentricity, eh . For a gas-free system (ND=TD=0)
Pcol is a function of eh only (thick solid line). Adding turbulent diffusion (TD=1 with αss = 10−4; dashed lines) lowers the collision rate in the shear-dominated
regime and renders it a function of the particle size or dimensionless stopping time τfr = TfrΩ, rather than of eh . (right) Pcol as function of τfr in the s.d.-regime,
valid for eh ≪ 1 and a headwind of vhw = 54 m s−1. The curves give Pcol for the case including turbulent diffusion (dashed curves) and for the modification of
the collisional cross section by nebular drag (gray curves; ND=1).
of particles is diluted by a factor bcol/hP and the colli-
sion rate reduces accordingly:
Pcol = Pcol,2d min
(
1, bcolhP
)
, (10)
where in the s.d.-regime, bcol = 1.7α1/2E Rh (see e.g.,
Inaba et al. 2001; Ormel & Klahr 2010).
2. Gas drag forces cause an encounter to deviate from
its 2-body, energy-conserving, trajectory. Consider-
ing this effect (ND=1) gives rise to a Pcol and bcol that
are different from the gas-free case, discussed above.
Ormel & Klahr (2010) (see also Perets & Murray-Clay
2011) have accounted for the behavior of the gas drag
during the encounter and have derived analytic expres-
sions for bcol and Pcol in the presence of gas drag.
Therefore, when the nebular drag switch is turned on
(ND=1), bcol and Pcol,2d follow from the Ormel & Klahr
(2010) study. These expressions are summarized in
Appendix A. If, in addition, vertical diffusion is con-
sidered (TD=1), the correction factor to Pcol,2d (eq. [10])
is also applied.
In Fig. 2 the effects of these features on Pcol is illustrated
for a 0.1 M⊕ protoplanet at 5 AU of internal density ρc =
3 g cm−3. The thick solid line in Fig. 2a shows Pcol for the
gas-free case, which is equivalent to setting the switches ND
and TD to zero. Pcol increases with decreasing eccentricity. In
the d.d.-regime (eh > 1) it is given by equation (5). The s.d.-
regime splits into two regimes: (i) the 2D limit corresponding
to a thin particle layer (eh ≪ 1; dotted horizontal line); and
a transition regime, where the thickness of the particle layer
is larger than the accretion radius, ia0 > bcol. (Note that we
assume i = e/2 throughout). Although our formulation is
slightly different, the Pcol we obtain for the gas-free limit is
consistent with the expressions given by Inaba et al. (2001).
Allowing (small) particles to diffuse by turbulence (TD=1)
decreases their density at the midplane and decreases Pcol.
The dashed lines in Fig. 2a show that the corresponding re-
duction, valid for αss = 10−4, can become quite significant for
small particles. The correction factor is only applied in the
s.d.-regime, i.e., for eh < 1, since it only matters for small par-
ticles that anyway satisfy eh ≪ 1. For this reason, it is more
useful to plot Pcol as function of size, or, rather, dimensionless
friction time, see Fig. 2b, black dashed line. With increasing
τfr, Pcol increases until the 2D-limit is reached (dotted hori-
zontal line).
Accounting for the nebular flow around the protoplanet
(ND=1) results in accretion rates that are quite different from
Pcol for the gas free case. As outlined by Ormel & Klahr
(2010) an important parameter in determining the accretion
rates is the magnitude of the disk headwind vhw. The gas in the
protoplanetary disk is partly pressure supported, resulting in a
angular velocity slower than the gas by a quantity vhw = ηvK ,
where η is defined as (Adachi et al. 1976):
η(a0) = 12ρga0Ω2
dPg
da = −
1
2
 cs
v2K

2
∂ ln Pg
∂ ln a
, (11)
where ρg is the gas density of the nebula at disk radius a0,
Pg = ρgc2s the gas pressure, cs the isothermal sound speed, and
the gradient is evaluated at a0. A heavy body (planet or plan-
etesimal) is not influenced by the pressure gradient and moves
at the Keplerian velocity; it therefore experiences a headwind
of magnitude vhw = ηvK . The solid gray line in Fig. 2b gives
Pcol for a headwind of vhw = 54 m s−1 (see Appendix A for a
summary how Pcol is derived when ND=1). For τfr ≫ 1 one re-
covers the 2D, gas-free limit (large bodies are not influenced
by gas drag). Somewhat smaller particles (τfr & 1), however,
have a finite probability to be captured during their passage
through the Hill sphere. This capture mechanism is indepen-
dent of the physical size of the protoplanet. If the protoplanet
is sufficiently massive, it also operates for particles τfr . 1.
However, for very small particles (τfr ≪ 1) the gas drag force
is so strong that accretion is suppressed, because particles are
virtually glued to the gas. In that case, the accretion rate falls
below that of the gas free-limit. Including turbulent diffusion
(dashed gray line) further decreases Pcol.
2.2.4. Atmosphere enhancement (AE) of the collision radii
The collision radii further increase when protoplanets ac-
quire an atmosphere. Since this is generally true, i.e., for
fragments as well as planetesimals, we discuss it separately.
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However, its effects are most pronounced for small particles.
A large protoplanet will acquire a dense atmosphere,
which enhances the effective capture radius for collisions.
Inaba & Ikoma (2003) and Tanigawa & Ohtsuki (2010) have
studied this effect by calculating the energy loss of the plan-
etesimals near the point of their closest approach to the planet
(where the atmosphere is densest). In this way, they derive an
enhanced radius for accretion, Ra. To obtain the correct ac-
cretion rate, this ‘atmosphere radius’ must be used instead of
the core radius (Rc or the dimensionless αc) in all of the above
expressions. This is the procedure we adopt here. In any case,
we cap Ra when it reaches either the Hill radius or the Bondi
radius, Rb = GM/γc2s with γ = 1.4.
Inaba & Ikoma (2003) provide a solution for the density
structure of the atmosphere. Their solution is quite general;
it allows for multiple shells, where the conditions regard-
ing, e.g., the opacity can be different. Here, we will make
the additional simplification that the opacity is low and con-
stant, κ = 0.01 cm2 g−1, reflecting essentially a grain-free at-
mosphere. A low opacity may find some justification from
the fact that (i) most of the mass is in macroscopic bodies
(planetesimals); and (ii) grains may otherwise quickly coag-
ulate (Movshovitz et al. 2010; Helled & Bodenheimer 2011).
Although, a constant opacity throughout the atmosphere is
arguably a somewhat crude assumption, our simplified ap-
proach manages to obtain good correspondence with the full
solutions of Inaba & Ikoma (2003), see Appendix B.
By virtue of the low opacity, we assume that the atmosphere
is always radiative. In Appendix B we approximate the equa-
tions of stellar structure and obtain an explicit, closed-form
solution for the density as function of depth, ρ = ρ(r). Us-
ing this solution we straightforwardly solve for the enhanced
radius, Ra:
Ra ≈ Rb

[
1 + 2Wneb(σa − 1) + logσa
γ
]−1
; (1 ≤ σa ≤ σ1)[
1
x1
+
4(4Wneb)1/3
γ
(
σ1/3a − σ1/31
)]−1
; (σa > σ1)
(12)
where σa = ρa/ρg is the ratio of the density required to cap-
ture the particle and the nebula gas density (see Appendix B),
σ1 = 1/5Wneb a dimensionless density threshold that specifies
the transition from the nearly isothermal regime to the pres-
sure supported regime, and x1 = R1/Rb = 1 + 2Wneb(σ1 −
1)+ logσ1 the dimensionless radius corresponding to R1. The
parameter that sets the structure of the atmosphere is Wneb:
Wneb =
3κLc
64πσsb
Pg
GMcT 4g
=
kBκρgρcR2c
16σsbµT 3gTgr
(13)
≈10−5
( Rc
103 km
)2 κ
10−2 cm2 g−1
(14)
× ρc
g cm−3
ρg
10−10 g cm−3
(
Tg
100 K
)−3 ( Tgr
Myr
)−1
,
where kB is Boltzmann’s constant, µ = 2.34 the mean molec-
ular mass, σsb Stefan-Boltzmann constant, Pg = kTgρ/µ the
pressure of the nebula, and Tg the nebular temperature. For
the luminosity due to planetesimal accretion Lc we have sub-
stituted Lc = (GMc/Rc)dMc/dt = GM2c /RcTgr, with Tgr the
growth timescale and Rc the core radius. Our solution for Ra
(eq. [12]) requires that Wneb ≪ 1.
Admittedly, a certain level of ambiguity is present between
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Figure 3. Comparison between the adopted stirring curve of our toy model
(dashed line) to the fit of Ohtsuki et al. (2002) (solid curve). A 1:2 ratio be-
tween inclinations and eccentricities is assumed. Our two-segment approxi-
mation breaks at an eccentricity eh = eh1 = 2.34.
the atmosphere-enhanced radius Ra and the enhanced colli-
sion radius, bcol, as obtained from Ormel & Klahr (2010), due
to nebular gas-drag effects. Both studies account for gas drag;
but where Ormel & Klahr (2010) consider the change (en-
hancement or decrease) of Pcol to originate from the inter-
action with the nebular gas flow (assumed to have a constant
density), Inaba & Ikoma (2003) calculate the enhancement of
Pcol due to the increase in density in the direct vicinity of
the planet, i.e., its atmosphere, while ignoring the flow pat-
tern. Indeed, particles strongly coupled to the gas flow may
be inhibited to accrete (Sekiya & Takeda 2003; Paardekooper
2007; Ormel & Klahr 2010). Further work must account si-
multaneously for both the gas flow and the density structure
of the planet – like in Lissauer et al. (2009), but for a wide
parameter range.
In this study, we will merge the Inaba & Ikoma (2003) and
Ormel & Klahr (2010) approaches. Specifically, we first cal-
culate the atmosphere radius Ra (eq. [12]), which then re-
places the embryo radius RE in all the above expressions in-
volving Pcol. That means that equation (3) is superseded by
αE ≡ Ra/Rh. For the protoplanetary growth stage, the atmo-
sphere does not contribute much to the total mass; i.e., the
embryo mass ME remains dominated by the mass of the solid
core Mc.
2.3. Stirring, friction, and drift timescales
2.3.1. Viscous stirring
Similar to the accretion rate, equation (1), we define the stir-
ring rate for (planetesimal) bodies also in terms of Hill units:
de2h
dt ≡ PvsNERhvh (15)
where NE is the column density of embryos and Pvs the spe-
cific viscous stirring rate, which is function of eccentricity
(eh). Figure 3 shows the dimensionless viscous stirring rate
Pvs (Ohtsuki et al. 2002) for the case that inclinations and ec-
centricities have reached a so called equilibrium (i/e ≈ 0.5;
Ida et al. 1993). The basic features – a plateau for eh ≪ 1 and
a e−2h decline for eh ≫ 1 – can be understood from geomet-
rical arguments (Ida 1990; Goldreich et al. 2004; Ormel et al.
2010b), but the detailed functional form of Pvs(eh) follows
from calibration against N-body experiments (Stewart & Ida
2000; Ohtsuki et al. 2002). Here, we simplify matters by
adopting a simple 2-segment fit-by-eye to the Ohtsuki et al.
(2002) curve (which is itself a fit), accurate enough for our
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for protoplanets of 0.1 and 10−3 M⊕ at a distance of 5AU.
level of precision. See the dashed line in Fig. 3.
Using equation (15), the viscous stirring timescale is
Tvs ≡
eh
deh/dt
=
2e2h
de2h/dt
=
4π˜be2ha0
PvsRh
Ω−1, (16)
where we have inserted NE = 1/(2πa0 ˜bRh). That is, each
protoplanet is assumed to stir an annulus of width ˜b times its
Hill radius of the protoplanet, where ˜b is a parameter whose
default value is ˜b = 12.5 (Kokubo & Ida 1998). The stirring
timescale is plotted by black lines in Fig. 4 for conditions typ-
ical of 5 AU.
2.3.2. Turbulent stirring
Apart from stirring by protoplanets, we optionally in-
clude stirring of planetesimals by turbulent-induced density
fluctuations in the gas. This ‘turbulent stirring’ (TS) has
recently been explored by (among others) Laughlin et al.
(2004); Ida et al. (2008); Baruteau & Lin (2010); Yang et al.
(2009); Gressel et al. (2011). We follow here a prescription
by Baruteau & Lin (2010), which connects the intensity of
the gravitational torques that the fluctuations induce to the
turbulent αss parameter. This results in a turbulent stirring
timescale of (see Appendix C):
Tts =
5 × 10−3e2
αss
(
Hga0Σg
M⋆
)−2
Ω−1. (17)
Turbulent stirring is most important for small protoplanets and
massive turbulent disks (see Fig. 4). Otherwise, viscous stir-
ring dominates (see Appendix C and Fig. 4).
When turbulent stirring is implemented, we compute both
Tvs and Tts. Otherwise, we only use viscous stirring, i.e.,
Tstir =
{ Tvs (TS=0)
min(Tvs; Tts) (TS=1) (18)
2.3.3. Gas friction and radial drift
The stopping or friction time – the time over which the par-
ticle velocity is changed by friction with the gas – is defined
as:
Tfr,k(vgas) =

8skρs
3Cdρgvgas,k
(sk > 94 lmfp);
skρs
vthρg
(sk < 94 lmfp);
(19)
(k = P, F) where sk is the radius of the particle, ρs its inter-
nal density, lmfp the mean free path of the gas, Cd the drag
constant, which is a function of particle size, vgas,k the gas-
particle relative velocity, and vth the thermal speed. For the
drag constant we follow Weidenschilling (1977a) and use
Css =

24Re−1p if Rep < 1
24Re−0.6p if 1 ≤ Rep ≤ 800
0.44 if Rep > 800
(20)
with Rep = 2svgas/νmol the particle Reynolds number with
νmol = lmfpvth/2 the molecular viscosity of the gas.
Due to the disk headwind vhw (see eq. [11]), solids will lose
angular momentum. This causes a particle to spiral in at a
radial velocity (e.g., Weidenschilling 1977a; Nakagawa et al.
1986; Brauer et al. 2007):
vr = −
2τfr
1 + τ2fr
vhw. (21)
The above expression holds for small particles: they will pile
up in pressure maximums where vhw = 0. Equation (21) is
zero if the headwind vanishes – but this does not fully capture
the behavior of heavy bodies on eccentric orbits. To first or-
der in eccentricity (the epicyclic approximation), they feel a
headwind 50% of the time and a tailwind for the other 50%,
such that the net torque the gas drag exerts is zero. However,
to second order in e there is a net effect: angular momentum
is removed from the body, causing it to drift in. This effect
amounts to the planetesimal experiencing a net headwind of
≈e2vK and we write, more generally than equation (21)
vrd = −
τfr
1 + τ2fr
(2vhw + e2vK). (22)
(Within order of unity, this simple formula captures the de-
tailed orbit-averaging calculations performed by Adachi et al.
1976.)
The particle-gas velocity vgas is constructed in a similar
vein. It consist of a part due to the inclinations and eccentric-
ities of the bodies (≈evK) and a contribution from the slower
than Keplerian moving gas. The latter is due to the radial drift
(eq. [21]) when τfr ≪ 1 and equals vhw (the azimuthal head-
wind) when τfr ≫ 1. Therefore we have approximately
vgas ≈ evK + vhw
2τfr + τ2fr
1 + τ2fr
. (23)
The friction time can be found using an iterative procedure
involving equations (19) and (23).
2.4. Solving for eh
The adopted power-law approximations for the stirring
timescale readily allow us to solve for the Hill eccentric-
ity assuming that the stirring is balanced by another mech-
anism. This determines our two growth modes: (i) in equilib-
rium growth Tstir is balanced by the friction time Tfr, whereas
(ii) in non-equilibrium growth Tstir is balanced by the growth
timescale of the protoplanet, Tgrow.
2.4.1. Equilibrium growth: Tstir = Tfr.
In this regime Tstir = Tfr < Tgr. In the typical case that
both Tstir and Tfr depend on eccentricity, we use an iterative
procedure to solve for eh. For example:
0. Start with an initial value of vgas, e.g., vgas = vhw .
1. Using vgas, obtain the friction time according to equa-
tion (19).
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2. Equate Tstir = Tfr and solve for the eccentricity eh by
means of the two segment fit presented in Fig. 4.
3. Determine a new vgas using equation (23) and the value
of eh derived in the previous step.
We iterate the loop until convergence is achieved. We then
obtain eh,k and Tgr,k via equation (4). Finally, we check for
the validity of the equilibrium regime: of the three timescales
involved, Tgr,k must be the longest. If this condition is not
satisfied, we turn to the nonequilibrium mode instead.
2.4.2. Nonequilibrium growth: Tstir = Tgr.
In this regime Tstir = Tgr < Tfr. We numerically solve
Tstir(eh) = Tgr(eh) (24)
for eh. We then obtain the (Hill) eccentricity consistent with
the non-equilibrium regime. For simplicity, when solving
the above equation we assume that Tgr is independent of the
friction time (i.e., we ignore drag or atmosphere enhance-
ment effects). This is justified, since the validity of the non-
equilibrium solution is limited to the initial stages (low Tgr)
and big planetesimals (large Tfr).
2.4.3. Friction regime: Tfr = Tgr
When both the equilibrium and the nonequilibrium regime
are inapplicable, we obtain eh consistent with the friction
regime: Tfr = Tgr < Tstir. We found that the friction regime
may become important after planetesimals had been excited
to a large eccentricity by turbulent stirring.
2.5. Collisional fragmentation
2.5.1. Material strength and the collision timescale
The collision timescale for particles within the same com-
ponent is given by T−1
col,kk = nkσkk∆vkk (k = P, F), where nk is
the number density, σkk the collision cross section, and ∆vkk
the relative velocity between two k-particles. We relate nk to
Σk via
nk =
Σk
/
4π
3 ρss
3
k
2hk
(25)
with hk the scaleheight of the particle layer (eq. [9]). For
equal-size spheres, σkk = 4πs2k and
Tcol,kk =
2ρsskhk
3Σk∆vkk
. (26)
For ‘heavy’ particles like planetesimals the relative velocity
and scaleheight are determined by the Keplerian elements ek
and ik. Then, ∆vkk = ekvK ≈ 2ika0Ω = 2hkΩ and
Tcol,kk =
ρssk
3ΣkΩ
; (τfr ≫ 1). (27)
In the toy model we assume that the fragmentation rate is
determined by the ratio of the specific collision energy and the
specific strength of the material:
qk ≡
1
2
mµ(∆vkk)2
/
(m1 + m2)Q∗d =
(∆vkk)2
8Q∗d,k
(28)
where m1,m2 are the masses of the collision partners and mµ
the reduced mass. For equal-mass particles m1 = m2 = 2mµ =
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Figure 5. Specific strength of bodies as function of their size (solid curve).
The material properties reflect those of ice. The thin dashed, dashed-dotted,
and dotted lines denote the three contributions out of which Q∗d is composed.
The arrow indicates the initial fragment size.
mk. The material strength Q∗d is assumed to obey the following
size dependence:
Q∗d(s) = Q0s
(
s
1 cm
)bs
+ Q0gρs
(
s
1 cm
)bg
+ Cggv2esc(s), (29)
where the three terms on the RHS respectively denote con-
tributions from the strength regime, the gravity regime, and
the gravitational potential. The constant Cgg is fixed at 9
(Stewart & Leinhardt 2009). In Fig. 5 we plot Q∗d as function
of size for ice-like materials (Benz & Asphaug 1999). The
corresponding values are also listed in Table 2.
The fragmentation among planetesimals of size sP in-
creases the abundance of fragments of size sF ≪ sP. The
intermediate scales – i.e., the collisional cascade – is not in-
cluded in the toy model. Erosive collisions between fragments
and planetesimals can be included (ER=1), which results in an
increase of the fragmentation rate. We now provide expres-
sions for the fragmentation rate ˙ΣPF due to mutual collisions
among planetesimals and erosive collisions with fragments,
respectively.
2.5.2. Planetesimal-planetesimal collisions
We adopt the prescription of Kobayashi & Tanaka (2010)
for the excavated mass (me) in a fragmenting collision:
me =
φP
1 + φP
(m1 + m2), (30)
where φ is defined as
φ =
1
2 mµ(∆v)2
(m1 + m2)Qd , (31)
For equal-mass planetesimals, φ = φP = (∆vPP)2/8Qd,P = qP.
Collisions take place on a planetesimal collision timescale
Tcol,PP (eq. [27]), during which each body loses a fraction
qP/(1 + qP) of its mass, resulting in a fragmentation rate of
dΣP
dt = −
qP
(1 + qP)
ΣP
Tcol,PP
. (32)
In the limit of qP ≫ 1 equation (32) reduces to dΣP/dt =
−ΣP/Tcol,PP and the surface density in planetesimals is re-
duced on a collision timescale. For qP ≪ 1 the depletion
timescale increases by a factor q−1P .
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2.5.3. Planetesimal-fragment collisions (erosion)
For planetesimal-fragment collisions we can assume that
the planetesimals determine the relative velocity (∆vPF =
∆vPP) and cross section, σPF = πs2P. Equation (31) then reads
φ =
mF (∆vPF)2
2mPQd,P =
4qPmF
mP
≪ 1. (33)
The relevant collision timescale is now the timescale on which
a fragment collides with a planetesimal
T−1col,PF = neff(∆vPF)σPF. (34)
The above equation must account for the fact that the two pop-
ulations have different scaleheights: if hF ≫ hP (resulting,
for example, from turbulent diffusion) the density is set by the
scaleheight of the fragments; otherwise (if hF ≪ hP) by that
of the planetesimals. Thus, neff, the effective density of frag-
ments for the collision, involves the largest scaleheight and
we write neff = ΣF/2hmaxmF with hmax = max(hF , hP):
T−1col,PF =
πs2PΣF
mF
(
hP
hmax
)
Ω, (35)
where we used ∆vPP = 2hPΩ. During the collision, the plan-
etesimal loses a fraction φ (eq. [33]) of its mass. The frag-
mentation rate then reads
dΣP
dt =−
φΣP
Tcol,PF
= −4qPmFΣPπs
2
PΣFΩ
mFmP
(
hP
hmax
)
(36)
=− qPΣF
Tcol,PP
(
hP
hmax
)
. (37)
where mP = 4πρPs3P/3 and equation (27) have been
used. A large erosion rate is obtained when hmax is
given by the planetesimal layer (requiring hP ≪ hF) and
when qP ≫ 1. Under these conditions fragmentation by
fragment-planetesimal collisions outcompetes fragmentation
by planetesimal-planetesimal collisions.
Adding the contribution from planetesimal-planetesimal
collisions and fragment-planetesimal collisions, equations
(32) and (36), gives a combined fragmentation rate of:
˙ΣPF = −
qP
1 + qP
ΣP
Tcol,PP
− qP
ΣF
Tcol,PP
(
hP
heff
)
. (38)
2.5.4. Change in the characteristic size of the planetesimals and
fragments.
The planetesimal and fragment population are assigned a
characteristic size (sF and sP). In the toy model it is possi-
ble to follow the coagulation of planetesimals, increasing sP
with time. If this feature is implemented (PG=1), planetesi-
mals grow on a collision timescale (eq. [26]):
dsP
dt =
sP
3Tcol,PP
(PG=1), (39)
Thus, for planetesimal collisions we can have the somewhat
counterintuitive situation that they grow (increasing sP) while
at the same time lose surface density due to fragmentation
(eq. [38]).
Since bodies in the gravity regime become weaker when
they are smaller, fragmentation of planetesimals triggers a
collisional cascade. In our toy model the fragment mass (sF)
represents the lower range of the cascade. As the initial value
for sF we choose the point where the strength and gravity con-
tributions to Q∗d are equal (see Fig. 5). Thus, mass liberated
at s = sP flows instantaneously towards s = sF . Typical ini-
tial sizes for sF are of the order of 100 m (for basalt or icy
planetesimals). We only decrease sF when fragment-fragment
collisions become disruptive. The fragment size is then given
by the implicit equation qF(sF) = v2F/8Q∗d(sF ) = 0.5, where
vF is the random motion among fragments and the 0.5 value
follows from comparison against Kobayashi et al. (2010).
2.6. Treatment of solid’s radial motions
In protoplanetary disks, solids are expected to move radi-
ally. Embryos may migrate due to type-I migration, planetes-
imals can diffuse or scatter due to gravitational encounters,
and radial orbital decays due to drag forces. In our context,
radial drift of small particles (fragments) is especially impor-
tant since it operates on short timescales. To capture this ef-
fects, we will assign a characteristic drift timescale for the
planetesimal and a fragment components, Tdr,k. In addition,
the toy model can account for influx (accretion) from external
regions ( ˙Mext , 0). Nevertheless, since our model is local,
it only crudely captures the nature of these radial motions; a
multidimensional extension (see below) is needed for a self-
consistent treatment.
Let us denote by Wsim the radial width of the local space
around a0 that is modeled by the toy model. The mass in
solids, planetesimals (k = P) or fragments (k = F), is denoted
MW,k and changes according to
dMW,k
dt = 2πaΣ
′
k
dWsim
dt +
˙Mext,k + ˙Mint −
MW,k
Tdr,k
, (40)
where the terms on the RHS of equation (40) denote, respec-
tively: (i) the increase in mass due to the growth of the feeding
zone (the surface density outside Wsim may be different from
Σ and is denoted Σ′); (ii) the increase due to accretion from
external regions; (iii) the change in mass within Wsim due to
transfer of mass to a component other than k, e.g., fragmen-
tation (eq. [38]) and embryo growth; and (iv) the mass loss
from Wsim due to radial drift. Since the surface density is
Σk = Mtot,k/2πaWsim equation (40) translates into
dΣk
dt =
1
Wsim
dWsim
dt (Σ
′
k −Σk)+
˙Mext,k
2πaWsim
+ ˙Σint,k −
Σk
Tdr,k
. (41)
with
Tdr,k =
Wsim
vdr,k
; (RD=1) (42)
When radial drift is not implemented (RD=0), one can for-
mally write Tdr,k = ∞. Equation (41) very generally describes
the evolution of Σk. But the length scale Wsim yet needs to be
specified. Here, we consider two choices for Wsim reflecting
the limits of a local or a global application of equation (41).
2.6.1. Local interpretation
In a local model Wsim ≪ a0 although Wsim should be cho-
sen larger than the feeding/stirring zone of the embryo, i.e.,
Wsim > ˜bRh. For such small Wsim, the drift timescale Tdr,k
will generally be short (especially for fragments). Bound-
ary effects, that is the mass flow ˙Mext,k coming into Wsim, are
important and must be quantified. Ideally, ˙Mext is obtained
from the neighboring annulus as part of a multi-zone setup,
˙Mext,k = 2πa′Σ′v′dr,k, where primes denote quantities from the
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annulus exterior to Wsim. Although a multi-zone extension
allows for a self-consistent treatment, it also considerably in-
creases the overhead of the calculations. We will not imple-
ment it here, but may choose do so in an upcoming work.
Generally, therefore, we must specify the accretion rate,
˙Mext,k(t), as function of time. The picture here is of planet-
formation going on in zone Wsim, with solids exterior to Wsim
steadily drifting in. In § 4.2 we consider such a scenario as a
simple application of the toy model in its local setting.
2.6.2. Global interpretation
In a global setting, we assume that the physical condi-
tions are similar for scales on the order of the disk radius,
Wsim ≈ a0. We no longer bother about mass in- or outflow due
to growth of protoplanets or accretion from external regions
(these are boundary effects). The first two terms of equation
(41) are put 0. Specifically, we write
dΣk
dt =
˙Σint −
Σk
Tdr,k
(43)
Tdr,k =
Wsim
vdr,k
= Cdrift
a0
vdr,k
, (44)
where Cdrift ≈ 1 is a fudge factor. We found that Cdrift =
0.5 gives the best correspondence with multi-zone simulations
models.
The global extrapolation is tailored towards the oligarchic
growth phase, since we can assume that neighboring oligarchs
are of similar mass (although this assumption will break down
on scales ∼a0). Thus, when the switch OL is set, equations
(43) and (44) apply. On the other hand, the local scenario (eqs.
[41] and [42]) applies when we consider a single protoplanet
(OL=0).
2.6.3. The surface density evolution timescale TΣ
Equation (38) is one of the terms contributing to the inter-
nal mass flow ˙Σint in equations (41) and (43): it re-arranges
the mass among the three components, but conserves the total
surface density in Wsim. Embryo growth also transfers mass:
˙ΣkE = −C−1accΣE/Tgr,k. Note the reduction by C−1acc as, when
oligarchy is considered, a third of the embryo growth comes
from embryo-embryo collisions (see § 2.2.1).
Together, these two terms (i.e., eq. [38] and ˙ΣkE) give the
total internal mass flow Σint,k. Let us for simplicity denote the
first two terms of equation (41) by ˙Σext,k, which represent the
mass flow from exterior regions or from the expansion of the
feeding zone. This term is therefore zero when OL=1. Then,
we can combine equations (41) and (43) into
˙Σk = ˙Σint,k + ˙Σext,k −
Σk
Tdr,k
. (45)
where Tdr,k is given either by equation (42) or 44. The surface
density then evolves on a timescale of
T−1Σ,k =
˙Σint,k + ˙Σext,k
Σk
− 1
Tdr,k
. (46)
Very often, when Tdr,k is short (i.e., for small fragments), a
semi-steady state is reached where Σk ≈ ( ˙Σint,k + ˙Σext,k)Tdr,k.
In that case, |TΣ,k| ≫ Tdr,k and it is computationally advanta-
geous to evolve the evolution on timescales of TΣ,k instead of
the much shorter Tdr,k.
2.7. Summary of the algorithm
In essence, the algorithm consist of a loop in which the
key quantities (the embryo mass ME , surface densities Σk, and
characteristic sizes sk) are advanced over a timestep of arbi-
trary length, until a final time (Tend) is reached. Within each
iteration i we calculate: (i) the eccentricity of the fragment
and size distribution at t = ti; (ii) the appropriate timestep ∆ti;
and (iii) the updated values for ME , Σk, and sk at ti+1 = ti+∆ti:
1. Given an embryo mass ME , a particle size sk and sur-
face density Σk, we calculate the growth mode – equi-
librium or non-equilibrium growth – as outlined in § 2.3
and 2.4. This provides the embryo growth time Tgr,k,
the (Hill) eccentricity of the planetesimals and frag-
ments, eh,k, and the friction times Tfr,k. Using the cal-
culated eccentricities, we obtain the fragmentation rates
as outlined in § 2.5 and the timescales TΣ,k on which the
fragment and planetesimal populations evolve, equa-
tion (46).
2. The next step concerns the choice of the timestep ∆ti.
It is computationally efficient to choose a ∆ti as large
as possible. Yet, we must resolve the system on the
shortest of the timescales characterizing the evolution
of the system:
∆ti = ξ min
{
Tgr,P; Tgr,F; TΣ,P; TΣ,F; Tcol,PP
}
, (47)
where ξ is a control parameter (we choose ξ = 0.1
throughout). Note that Tdr,F does not enter equation
(47), as it typically is very short. Instead, we resolve
the evolution of the surface density. The planetesimal-
planetesimal collision timescale Tcol,PP is included to
resolve planetesimal growth (§ 2.5.4).
3. After the timestep is assigned, the quantities are ad-
vanced and ti+1 = ti+∆ti. The embryo mass is increased
by an amount ∆ME = ME∆ti/Tgr where Tgr is the total
growth timescale due to accretion of planetesimals and
fragments, T−1gr = T−1gr,P + T
−1
gr,F. The planetesimal and
fragment sizes are changed according to the prescrip-
tion outlined in § 2.5.4. Finally, we update the surface
densities of embryos, planetesimals, and fragments, us-
ing ∆ti and TΣ,k.
3. COMPARISON AGAINST PREVIOUS STUDIES
We test the toy model against previous literature studies.
Throughout this and following section, we use the values
listed in the second column of Table 2 for the parameters of
the toy model, unless specified otherwise. In particularly,
we adopt the Benz & Asphaug (1999) material parameters
for ices (the Q0s, Q0g, bs and bg parameters). Furthermore,
we adopt the minimum mass surface nebula (MMSN) model
(Weidenschilling 1977b; Hayashi et al. 1985) as our bench-
mark for the surface density and temperature structure of the
disk:
Σg(a)=4.0 × 102 g cm−2 fmmsn
(
a
5AU
)−1.5
; (48)
Σini(a)= f −1gd Σg(a); (49)
Tg(a)=125 K
(
a
5AU
)−0.25 (L⋆
L⊙
)1/4
; (50)
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Table 3
Switch and parameter values
Section Figure Switch value Parameters deviating from standard value or range
AE ER FR ND OL PG RD TD TS
3.1 Figure 6 x x x 0 1 0 0 0 0 Σini = 7 g cm−2
3.2 Figure 7 0 x x 0 1 1 1 0 0 a0 = 3.2 AU
3.3 Figure 8 x 1 1 0 1 1 1 0 0 a0 = 3 − 35 AU; Σini = 1 − 10 km; sP,ini = 1–100 km
4.1 Figure 9a 0 1 1 0 1 1 1 x x αss = 10−4 − 0.1
4.1 Figure 9b x 1 1 x 1 1 1 x 0 Q0s = Q0g = 0
4.1 Figure 9c x 1 1 0 1 1 1 0 0 vhw = 2 − 54 m s−1
4.2 Figure 10 x 1 1 x 0 0 1 x 0 sF = 10−1 − 104 cm; ΣP = 0; Mini = 10−2 M⊕; ˙Mext > 0
Note. — Overview of the simulations in § 3 and 4 listing the behavior of the switches: 0 indicates the switch is turned off; 1 that it is switched on;
and ‘x’ that its influence is examined. See Table 1 for the abbreviation and description of the switches and Table 2 for the default parameter values.
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Figure 6. (left) Sample runs at 5 AU, testing the influence of atmospheres and fragmentation on the growth of the embryo. The equilibrium solution for the
dynamical state of the planetesimal population has been assumed and radial drift is switched off. The solid black line corresponds to the default run without
fragmentation and atmosphere enhancement. The dashed curve corresponds to a run including planetesimal fragmentation but without accounting for erosive
collisions (fragments colliding with planetesimals). The dotted curve includes the erosive term. (right) The surface densities in planetesimals, fragments, and
embryos for the fragmentation run without erosion (black curves) and including erosion (gray curves).
where fgd is the gas-solid mass ratio, assumed to equal 57
beyond the snowline (where ices contribute to the surface
density), fmmsn an enhancement factor for disks more mas-
sive than the MMSN, and L⋆ the stellar luminosity. Note that
equations (48)–(50) are merely a disguise for the local nature
of the model, i.e., the results depend on the local value of Σ, Ω,
Tg, only. From the MMSN model we calculate the isothermal
sound speed cs =
√
kBTg/µ, the disk scaleheight, Hg = cs/Ω,
and the gas density at the midplane, ρg = Σg/
√
2πHg.
The values of the switches and parameters deviating form
their defaults are listed in Table 3 for each of the model
runs. Except indicated otherwise, we adopt an embryo mass
of Mini,E = 10−6 M⊕, assuming that by this stage the 2-
component assumption characterizing oligarchy has materi-
alized (see § 1 and 2.1). Although in reality the start of the
oligarchic phase depends on disk radius and initial planetesi-
mal size (Ida & Makino 1993; Ormel et al. 2010a), we do not
expect that changes in Mini,E will matter greatly for the out-
come of the results.
3.1. Comparison against Chambers (2006)
Chambers (2006, 2008) presents a model to follow the
growth of embryos. In Chambers (2006) the basic model is in-
troduced, whose elements are similar to ours: a 3-component
model of planetesimals, fragments, and embryos. Slowly,
the complexity of the model is increased: Chambers (2006)
already includes the full calculation of the dynamical state,
atmosphere enhancement of the capture radius, and radial
drift. Chambers (2008) includes a more detailed fragmenta-
tion model (with multiple size bins) and adds type-I migra-
tion, thereby including a spatial dimension (the disk radius)
to the model.
We test our toy model against the 2006 (local) ver-
sion of Chambers’ model. This implies that we do not
treat vertical diffusion of fragments, turbulent stirring, neb-
ular drag effects, planetesimal growth, or erosive collisions:
TD=TS=ND=ER=PG=RD=0 (see Table 3). The model is con-
ducted for a disk radius of 5 AU at a surface density
of 7 g cm−1. Furthermore, we only consider the equilib-
rium solution (the viscous stirring timescale balances friction
timescale) to obtain the dynamical state of planetesimals. Re-
sults are presented in Fig. 6 and should be compared to Figs.
6 and 8 of Chambers (2006).
With these assumptions our setups are nearly identical and
we should expect to obtain very similar results. The dashed
curves labeled ‘(default)’ in Fig. 6a shows the embryo mass as
function of time for the case without planetesimal fragmenta-
tion and without atmosphere enhancement. The dotted curve
shows the results when atmospheres are included (AE=1). The
run without atmospheres reaches the isolation mass Miso only
after t = 107 yr, whereas the run that includes the increase
of the collisional accretion rates due to atmospheres growth
accelerates after ME ∼ 0.1M⊕, in agreement with (Chambers
2006). The isolation mass is the total solid mass of an embryo
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Figure 7. (left) Mass of protoplanetary embryos vs. time for a run neglecting fragmentation (black curve) and a run including fragmentation (gray curve). The
dashed parts of the curves indicate that planetesimal growth follows the non-equilibrium solution (§ 2.4.2); whereas the solid parts correspond to the equilibrium
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within an annulus of ˜bRh:
Miso =
(
2π˜bΣinia20
)3/2
√
3M⋆
, (51)
which equals Miso = 11.8 M⊕ for the parameters in Fig. 6.
When the embryo reaches the isolation mass, its surface den-
sity dominates, ΣE ≫ ΣF + ΣP, rendering the oligarchic ap-
proximations (i.e., eE = 0) inapplicable (see § 2.1). But this
only concerns the final doubling time in ME .
In Chambers (2006) fragments are assumed to lie in a dy-
namically cold (eF = 0) thin layer. To mimic this effect, we
fix the initial fragment size at 1 cm. Gas drag will then en-
sure that the eccentricities are indeed negligible. The accre-
tion efficiency of these particles is very large (see § 2.2.3), and
because fragments are not assumed to drift (RD=0), fragmen-
tation accelerates the growth significantly. The solid black
curve in Fig. 6a shows this behavior: after t = 105 yr (roughly
the collision timescale of the planetesimals) growth rates in-
crease dramatically and the isolation mass is reached very
quickly. Figure 6b, where the surface densities of the compo-
nents are plotted further illustrates this point. Although frag-
mentation is important, ΣF never becomes very large; frag-
ments are very quickly accreted by the embryos.
The gray solid curve in Fig. 6a and the gray curves in
Fig. 6b correspond to the outcome of a run that includes the
erosion term (i.e., the second term on the RHS of eq. [38]).
This will be used in all of the following runs. As can be seen
from Fig. 6b the surface density in planetesimals now declines
precipitously after t = 105 yr. A positive feedback effect
emerges: the higher the fragments’ ΣF , the higher dΣF/dt. In
this laminar case (αss = 0), the sandblasting of planetesimals
occurs very fast, because the cm-size fragments are confined
to a thin layer at the disk’s midplane.
3.2. Comparison against Kobayashi et al. (2010)
Kobayashi et al. (2010) presents a, multi-zone, multi-bin,
model to follow the core formation. They start from a
monodisperse population of planetesimals and then compute
the runaway growth and oligarchic growth stages. Their
model is global: the total surface density of particles changes
by radial drift motions from the outer disk to the inner
disks. Planetesimal fragmentation accelerates this inward
flow of solids. Indeed, Kobayashi et al. (2010) found that
fragmentation was generally not conducive to growth, a
somewhat different conclusion from Chambers (2006, 2008).
Kobayashi et al. (2010) only considers laminar disks, and
also ignore nebular drag effects. Thus, the TD, TS and ND
switches are all turned off. The PG switch is turned on,
whereas the FR switch can be turned on or off, depending on
the model test. Kobayashi et al. (2011) include the effect of
atmospheres.
We focus on the standard model of Kobayashi et al. (2010),
where the MMSN is assumed. Figure 7a shows the evolu-
tion of the embryo mass at a disk radius of 3.2 AU. This plot
should be compared to Fig. 7 of Kobayashi et al. (2010). The
initial, dashed part of the curves indicate that planetesimals
follow the non-equilibrium solution, whereas solid curves in-
dicates the equilibrium solution (see § 2.4). The black curve
is a run without fragmentation; the gray curve includes the
effects of planetesimal fragmentation and erosion.
The growth-only run (black curve) follows a similar pattern
as the corresponding curve of Kobayashi et al. (2010). After
3 × 105 yr the growth mode switches from non-equilibrium
growth to equilibrium growth. An increase in the growth rate
can then be expected since for the equilibrium regime gravita-
tional focusing factors no longer decrease. However, no steep
increase is seen due to two opposing effects. First, planetes-
imal growth increases the mass of the planetesimals, which
renders gas friction less effective and results in a smaller fo-
cusing factor (or larger eh). Second, towards the end of the
simulation, the planetesimal mass reservoir becomes empty.
Figure 7b illustrates these effects: sP (thin solid, black line)
increases and ΣP (thick solid, black line) decreases towards
the end of the simulation.
A somewhat more complex behavior can be seen when
fragmentation is switched on (FR=1; gray curves in Fig. 7a,b).
On timescales of ∼Tcol,PP planetesimals collide and fragment.
The size of the fragments, determined from the criterion out-
lined in § 2.5.4, is initially ∼100 m and further decreases as
fragments collide among themselves. When their surface den-
sity is large, accretion of fragments can become very effective
since their eccentricities are low. The surface density in frag-
ments peaks towards t = 105 yr at ≈10% of the initial sur-
face density in fragments. At this point the accretion rate is
substantial. However, the fragmentation and decreasing sF
cause a stronger orbital decay as τfr = ΩTfr decreases towards
unity (see eq. [21]). As a result, ΣF quickly decreases. In
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and the initial size of the planetesimals sP,ini .
the end, then, the combined effect of fragmentation and radial
drift stalls the growth as it depletes the solid mass reservoir.
3.3. Including Atmospheres (AE=1)
We next run the toy model at several disk radii, pretending,
to mimic the setting of a global model. We will test the effects
of the initial size of planetesimals (sP,ini), the inclusion of at-
mospheres (the AE switch), and the disk mass (which trans-
lates in a larger gas density ρg and initial solid surface density
Σini). In total 144 models are run. In Fig. 8 we plot the final
mass (after 107 yr) of the runs. Black open squares corre-
sponds to runs without atmosphere enhancement and black
open circles to runs with AE=1. These simulations should be
compared to Figs. 3–5 of Kobayashi et al. (2011), which data
are shown in Fig. 8 by solid gray symbols.
Although the general correspondence is good, occasion-
ally the predictions of the toy model are seen to deviate from
the Kobayashi et al. (2010, 2011) simulations. The embryo
masses for the 3xMMSN, 1 km runs at 10-20 AU in the toy
model, for example, are lower than those of Kobayashi et al.
(2011), but the discrepancy especially becomes severe after
AE is switched on. This is understandable, since, as we saw in
§ 3.1, growth can accelerate dramatically when AE becomes
important. The large discrepancy therefore merely reflects the
sensitivity to the onset of this effect – rather than indicating a
fundamental flaw in the model.
A more systematic difference is that for the toy model em-
bryo masses show a stronger dependence on the disk mas (en-
hancement over MMSN). Whereas the final embryo masses
of the toy model mostly lag those of Kobayashi et al. (2011)
at 1xMMSN, the toy model has overtaken the Kobayashi et al.
(2011) simulations for the 10xMMSN runs, especially when
AE is switched on. This discrepancy may partly reflect
our simplistic treatment of the atmosphere models (see
Appendix B), where we assume that the opacity stay constant
(and low) – assumptions that may break down for massive
atmospheres. More fundamentally, strong drift motions of
solids causes the breakdown of the oligarchy approximation:
i.e., that most of the mass is in planetesimals and fragments,
rather than embryos. For example, in the 10xMMSN,1 km run
planetesimal fragmentation is very efficient and the embryos
will dominate the surface density sooner rather than later. In
the Kobayashi et al. (2011) simulations the embryos then ex-
cite themselves to large eccentricities,4 which frustrates their
growth. In the toy model, however, eE = 0 is enforced and
embryos always merge while keeping a separation of ˜bRh.
Altogether, the match of the toy model to the more so-
phisticated simulations by Kobayashi et al. (2011) is very sat-
4 The simulations conducted by Kobayashi et al. (2011) did not in-
clude eccentricity damping due to gravitational torques with the gas disk
(Tanaka et al. 2002).
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isfactory. The general trends are similar, the final masses
agree within a factor of 3 for most runs, and large discrepan-
cies are mainly caused by the boost embryos experience due
to crossing a certain mass threshold for the atmosphere ef-
fects kick in. Our results reconfirm the main conclusion from
Kobayashi et al. (2011): that the planetesimal fragmentation-
radial drift tandem makes it hard to grow large cores, even
when atmosphere treatment is accounted for. A great advan-
tage of the toy model is that it is very fast: whereas it takes
the Kobayashi et al. (2011) simulations 5–10 CPU hours on a
modern PC to complete a single disk model, the eight corre-
sponding runs of the toy model are finished in ≈10 seconds.
4. APPLICATIONS
Due to its flexibility, there are countless imaginable applica-
tions that can be envisioned with the toy model. A full inves-
tigation is beyond the scope of this paper. Here, we illustrate
the toy model by two examples: (i) a modest sensitivity study
to investigate in what way the results of the previous section
depend on adopted gas and material properties; and (ii) the
calculation of the accretion efficiency of fragments, drifting
past a single embryo. In both examples, we focus primarily
on the behavior of small particles, as determined by the AE,
ND, and TD switches.
4.1. Sensitivity to gas and material properties
Here we take a particular run of Fig. 8 – 5AU, 3xMMSN, 10
km, no atmosphere enhancement – and explore how its results
change if we change the adopted gas and material properties:
the level of turbulence in the disk (Fig. 9a); the material prop-
erties (Fig. 9b) and the disk headwind parameter vhw (Fig. 9c).
In each panel the reference model of Fig. 8 is indicated by the
thick gray line.
In the toy model, turbulence is controlled by the dimension-
less αss parameter and is activated by setting one of the TS or
TD switches. Turbulent stirring (TS) due to density inhomo-
geneities in the gas may outweigh over viscous stirring when
αss is large, or when embryos are small (see Appendix C).
Turbulent diffusion (TD) causes the particle layer to puff up,
thereby decreasing the local densities of particles near the
midplane. Figure 9 shows that for a turbulence parameter
of αss = 10−4 (solid curve) growth is initially very slow.
The slow growth is due to turbulent stirring, which excites
the planetesimals to large, but constant eccentricities. Over
time, the Hill eccentricity eh decreases as the embryo grows;
growth speeds up after a slow start and viscous stirring takes
over eventually. This ‘delayed’ onset of (runaway) growth has
been seen before (Ormel et al. 2010b; Gressel et al. 2011) and
depends on the severity of the stirring, here parametrized by
αss.
In addition, large αss will cause planetesimals to fragment
‘prematurely’, i.e., when the embryo is still small. Fragments
drift away before the embryo has an opportunity to accrete
them, resulting in much smaller embryos. This effect is re-
flected in the αss = 10−3 (dashed curve) and the αss = 10−2
(where embryo growth does not take off) runs. There is a cru-
cial difference between fragmentation triggered by turbulent
stirring and viscous stirring. When viscous stirring is impor-
tant, the embryo is by definition massive and it will always
sweep up some fraction of the solids. But turbulent stirring
is insensitive to the embryo mass, which renders it potentially
much more harmful to embryo growth.
The size of the fragments and their production rate are
largely determined by the material properties. In Fig. 9b we
consider the case that the planetesimals are rubble piles by
putting Q0s = Q0g = 0, leaving the gravitational binding en-
ergy as the sole source of strength (eq. [29]; Fig. 5). Further-
more, the fragment size is fixed at 1 mm at all times. This
setup is very conducive to growth, because the radial drift for
mm-size particles is not so effective as it is for m-size parti-
cles. As a result, embryos in the standard model (solid line)
accrete these particles before they drift away; and embryos
grow large on a very short timescale (∼104 yr!). Nebular
drag effects (ND=1) cause the fragments to be dragged along
with the gas, rendering it somewhat more difficult to accrete
them, especially when the protoplanet is small (dashed curve).
However, when the gas is only slightly turbulent (αss = 10−4;
dotted curve) accretion virtually shuts down since the small
particles are now distributed over a large scaleheight: embryo
growth stalls at masses <0.1 M⊕. When small particles con-
tribute significantly to the mass in solids, core formation will
be very sensitive to the state of the turbulence.
Finally, we vary the value of the disk headwind vhw. This
parameter primarily determines the drift timescale, and hence
the residence time of particles near the embryo. Figure 9c
shows that a reduction by a factor of 5 (from the default value
of vhw = 54 m s−1 to 10 m s−1) results in embryos that are a
factor of three more massive. Reducing the headwind param-
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eter even further reinforces these findings. The 100 m-size
‘fragments’ stay longer in the accretion zone, which enhances
the likelihood that the embryo can capture them. A larger
capture radius due to atmospheres (AE=1) exacerbates these
effects (dotted curve in Fig. 9c). Although in Fig. 9c frag-
ments are typically ∼10 m in size, the reduction of vhw favors
embryo growth for all fragment sizes.
The value of the disk headwind vhw, or, equivalently, the
pressure gradient (eq. [11]), can be affected in several ways:
1. Variations of the global pressure profile, i.e., of the sur-
face density and temperature index. From equation (11)
one can show that vhw depends on the exponents of the
temperature and surface density of the gas. Thus, devi-
ations from the MMSN value p = −3/2 (as in Σ ∝ ap)
will be directly reflected in vhw. The same holds for a
different temperature structure, e.g., in optically thick
disks.
2. Local changes in ∂P/∂a. More potent changes arise lo-
cally, if we account for variations in the accretion rate
of the gas, triggered by dead zones (Gammie 1996).
The interfaces between MRI dead and active zones in
particular are promising candidates in this respect. At
these interfaces, the kinematic viscosity νT of the tur-
bulence changes abruptly. To maintain a constant gas
accretion rate ( ˙Mg ∝ νTΣg) a decrease with disk ra-
dius in νT is accompanied by an increase in Σg and a
corresponding increase in the local pressure gradient
(Kretke & Lin 2007). Possibly, this even reverses the
sign of the pressure gradient, such that drifting parti-
cles will accumulate in high pressure maxima.
3. Collective effects. When dust particles are sufficiently
concentrated they will act collectively and drag the gas
with them in the direction of Keplerian velocities, in ef-
fect reducing the headwind a dust particle feels. Here,
we have not accounted for collective effect in our ex-
pressions for the radial drift (eqs. [21] and [22]), but this
is straightforward to implement (Tanaka et al. 2005;
Estrada & Cuzzi 2008; Bai & Stone 2010a). Particle-
hydrodynamic simulations often display strong collec-
tive effects (e.g., Johansen et al. 2009).
4.2. Efficiency of accreting inward-drifting particles by a
single embryo
State of the art particle-hydrodynamical simulations show
that planetesimals may form big (Johansen et al. 2009;
Cuzzi et al. 2010), perhaps with radii up to 103 km, out of a
‘sea’ of small particles – an idea that also finds support in the
asteroidal record (Bottke et al. 2005; Morbidelli et al. 2009;
but see Weidenschilling 2011 for an alternative interpreta-
tion). In this context, it is very relevant to study the interac-
tion between embryos and particles directly. Xie et al. (2010)
studied the sweeping-up of small particles by km-size plan-
etesimals, and showed that the planetesimals acquired mass
pretty fast, even though gravitational focusing was omitted.
Here, we extend their study to the regime of embryos.
We consider a scenario where particles from the outer disk
drift past a single protoplanet situated at 5 AU. For simplic-
ity, we do not treat a planetesimal component (ΣP = 0);
the planetesimal-related switches (FR, ER, PG and TS) are
therefore irrelevant. The solids that drift inwards are all small
particles of fixed size sF . As we consider a single protoplanet
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Figure 10. Accretion efficiency of inward-drifting particles by a single
embryo. Each symbol corresponds to a run where a total mass of 100 M⊕ in
fragments of size sF (x-axis) drifts past an embryo over a timescale of ∼106
yr. The fragment size does not evolve. Curves correspond to choices of the
AE, ND, and TD switches: AE=ND=TD=0 (black solid line), AE=ND=1 (dashed
solid line), AE=ND=TD=1 (gray lines with αss = 10−3 and αss = 10−3).
the OL switch is off and the surface density evolution is de-
scribed by equation (41). The accretion rate ˙Mext is given by
˙Mext(t) = Mtottc exp[−t/tc], (52)
where Mtot is the total, time-integrated, amount of solids
that drifts by and tc the characteristic timescale. Here, we
choose Mtot = 100 M⊕ and tc = 106 yr. It must be said
that these parameters and equation (52) are completely ad-
hoc and purely chosen for illustrative convenience. We refer
to Youdin & Chiang (2004) and Birnstiel et al. (subm.) for
physically-motivated prescriptions. The initial mass of the
embryo is fixed at Mini,E = 0.01 M⊕.
The embryo mass after t ≫ tch provides us with the ac-
cretion efficiency of the embryo. This quantity is plotted in
Fig. 10 as function of fragment size. Each symbol in this plot
denotes a different run with the symbols connected by lines
to guide the eye. The default suite of models (diamonds) rep-
resents the case without accounting for drag effects or tur-
bulent diffusion (AE=ND=TD=0). One ontices that big boul-
ders of 10–100 m in size have a ≈1% (time-averaged) proba-
bility of being accreted. Somewhat smaller, m-size particles
fare much worse, though. They are optimally coupled to the
gas (τfr = 1) and speed by at the maximum drift velocity of
vdr ≈ vhw = 54 m s−1 (see eq. [21]). Smaller particles, how-
ever, reside longer in the feeding zone of the planet and have
a much higher probability of getting accreted – for mm-size
particles it becomes almost 100%.
When we allow for drag-effects (i.e., an atmosphere-
enhanced capture radius, and nebular drag; dashed curve in
Fig. 10), the accretion rate increases across the spectrum of
sizes. Heavier fragments now reach accretion probabilities of
several tens of percents, sufficient to form large cores. Accre-
tion efficiencies also remain large for the smallest sizes, due
to their long residence times in combination with their low
scaleheights. Turbulence, which will stir up these small par-
ticles, will therefore tend to negate these effects, see the gray
curves in Fig. 10. For a (modest) αss value of 10−4 it already
shows much lower accretion efficiency for mm and cm-size
particles; for αss = 10−3 the accretion efficiency is even lower.
These finding reflects those of Fig. 9b.
In conclusion, Fig. 10 shows that the accretion efficiency
of fragments can become sufficiently large to build sizable
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cores (≈10 M⊕), although for smaller particles this depends
heavily on the turbulence levels. MRI dead zones may there-
fore favor core growth, although recent studies indicate that
particles are nonetheless very diffusive (Turner et al. 2010;
Okuzumi & Hirose 2011). In addition, the results will depend
on the headwind velocity, i.e., the (local) pressure gradient
of the gas. Figure 10 corresponds to vhw = 54 m s−1; but,
as we saw from Fig. 9c, a lower headwind will enhance the
accretion rate. The Johansen et al. (2011) simulations, for ex-
amples, show that m-size boulders concentrate heavily. These
‘particle bands’ are dense enough to drag the gas along, such
that the headwind vanishes. Collective effect will mitigate low
efficiencies seen in Fig. 10 for τfr = 1 particles.
5. SUMMARY AND OUTLOOK
We have presented a new model to follow the protoplanet
growth stage in planet formation. The model is a toy model:
it assumes that the mass distribution can be approximated by
three components (embryos, planetesimals, and fragments)
and does not involve a radial dimension. To obtain the equa-
tions that govern the evolution, we have employed simple
physically-based recipes. Yet the toy model is intended to
be general: a wide array of physical relevant processes can be
included at the discretion of the user. In particular, we have
focused on a more accurate treatment of fragments, for which
coupling to gas is important. Due to our modular setup (the
switches) the toy model is intended to expose the key mecha-
nisms that drive protoplanet growth.
One should be aware of the limitations, as we have out-
lined in § 2.1. The (at most) three component approximations
entails that the toy model cannot model the runaway growth
phase (the phase preceding oligarchy) and does a bad job in
modeling the fragmentation cascade. The oligarchic assump-
tions will also break down when the mass in embryos (ΣE)
starts to exceed that of planetesimals and fragments – a sit-
uation that may be reached sooner rather than later in cases
where drift is important. Furthermore, as of now, type I mi-
gration, or planetesimal driven migration (Kirsh et al. 2009;
Capobianco et al. 2011, Ormel & Ida in prep) are not included
either. Our model is in it strictest sense only locally valid.
We have shown in § 3 that our results are in good agree-
ment with those of Kobayashi et al. (2010, 2011). These cal-
culations indicate that planetesimal fragmentation (a natu-
ral outcome of oligarchic growth) is quite harmful to proto-
planet growth, due to their strong orbital decay. This con-
clusion contrasts with many earlier works, which suggest
that small planetesimals, or fragments, are very conducive
for growth (Rafikov 2004; Goldreich et al. 2004; Chambers
2006; Kenyon & Bromley 2009; Guilera et al. 2011). How-
ever, Chambers (2008) already warned that fragmentation acts
like a double-edged sword – increasing collision rates but at
the same time depleting the disk of solids due to orbital de-
cay – whereas Kobayashi et al. (2011) finds that fragmenta-
tion is detrimental to embryo growth. For this reason, they
prefer bigger planetesimals since these are stronger and less
collisional – both effects reduce the fragmentation rate. But
the disadvantage of big planetesimals is that they are damped
poorly and growth is relatively slow.
But it may still be premature to provide a final answer
to the question whether small planetesimals, or small frag-
ments, promote or hinder (fast) growth. Very small parti-
cles have the additional handicap that turbulence stirs them
up as we saw in Fig. 9b and Fig. 10. Few works concern-
ing protoplanet growth have accounted for turbulent stirring
(Bromley & Kenyon 2011 are a recent exception), which is
somewhat peculiar since αss is a well known – and criti-
cal – parameter for the pre-planetesimal growth state (e.g.,
Birnstiel et al. 2010; Zsom et al. 2011). Indeed, from an ob-
servation perspective mm/cm particles dominate (the mass)
of protoplanetary disks and are the likely precursors of the
first generation of big planetesimals c.q. protoplanet seeds
(Johansen et al. 2007, 2009; Cuzzi et al. 2010). Therefore,
we better investigate the accretion behavior of small particles
(Johansen & Lacerda 2010; Ormel & Klahr 2010, Fig. 10).
Here we reemphasize that our treatment of atmosphere en-
hancements (AE) and nebular drag effects (ND) is somewhat
‘ad-hoc’ (see our comments towards the end of § 2.2.4).
In a follow-up study we intend to return to the question re-
garding the efficiency of accretion of (big) planetesimal vs.
(small) fragment. The result of this work offers some tenta-
tive clues, though. First, the efficiency scales with the mag-
nitude of the headwind vhw – the deviation of the orbital ve-
locity of the gas from Keplerian. It seems very hard to grow
big protoplanets (∼10 M⊕) out of small particles when vhw
is not reduced or with some form of replenishment of solids.
Interestingly, a similar conclusion may hold for planetesimal
formation itself (Cuzzi et al. 2010; Bai & Stone 2010b).
A second important point is that the accretion efficiency
is strongly size dependent (Fig. 10). (Sub)km-size planetes-
imals accrete well, but are prone to collisional fragmentation.
The resulting m-size fragments fare much worse though in
terms of accretion efficiency, despite the fact that they have a
large specific accretion rate. Strong radial drift for these parti-
cles is the limiting factor. The accretion efficiency of smaller
particles strongly depends on the turbulent state of the disk.
Overall, these sensitivities indicate that accretion is very much
dependent on the condition regarding the gaseous state (pres-
sure gradient, turbulence) and on the material strength of the
particles, which to a large extent determines the typical frag-
ment size.
In the end, any growth scenario must be tested against ob-
servational constraints, e.g., the size distribution of the as-
teroid (Morbidelli et al. 2009; Weidenschilling 2011), dust
production rates in debris disks (Shannon & Wu 2011;
Kenyon & Bromley 2008, 2010), or the exoplanet census
(Alibert et al. 2011; Ida & Lin 2010). For detailed compari-
son, however, our toy model with its discrete, three compo-
nent approximation is a rather crude tool. But it is a great
tool to conduct a preliminary exploration of the vast parame-
ter space. This provides the user with a first, crude compar-
ison with the observational data and a means to identify the
relevant physical processes that are at work, thereby guiding
further sophisticated modeling efforts. We believe that such
an interplay between a toy- and sophisticated model is a very
powerful asset.
We thank Tilman Birnstiel, Kees Dullemond, Christoph
Mordasini, and Satoshi Okuzumi for discussions and useful
advice. We appreciate the careful review of the referee and
his/her suggestion to include § 4.2.
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APPENDIX
A. PCOL IN THE DRAG-MODIFIED REGIME (ND=1)
For completeness, we provide a summary of the algorithm that Ormel & Klahr (2010) (OK10) provide to derive Pcol when the
equations of motion of the (small) particles are significantly affected by gas drag. For this work we have taken the opportunity to
streamline the fitting expressions for Pcol, slightly improving the correspondence to the numerical integrations.5
In the drag-modified regime, Pcol is a function of three (dimensionless) parameters: the dimensionless friction time τfr = TfrΩ;
the ‘headwind parameter’ ζw = vhw/vh (which is via vh a function of planet mass); and the planet size αE = RE/Rh. The
OK10 expressions cover three regimes, where the gas drag-gravity interaction is qualitatively different. From small to large τfr
these are: (i) the full settling regime; (ii) the hyperbolic regime; (iii) and the three body regime. The regime boundaries are
τfr = τ
∗ = min(12/ζ3w, 2) and τfr = ζw. The hyperbolic regime disappears for large protoplanets.
For each of these regimes OK10 gives expressions for the impact radius bcol and the approach velocity va. For the settling
5 The modifications with respect to OK10 entail the definition of the ex-
pression τ∗ and the extension of an exponentially-declining tail to b3b .
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Table 4
Expressions for Pcol when ND=1.
Regime Condition Impact radiusa bcol Impact velocity va Smoothed impact radius, b∗col
Settling (set) τfr ≤ τ∗ Equation (A1) 3bset/2 + ζw bset exp
[
−(τfr/τ∗)0.65
]
Hyperbolic (hyp) τ∗ ≤ τfr ≤ ζw αE
√
1 + 6/(αEv2hyp) ζw
√
1 + 4τ2fr
/
(1 + τ2fr) bhyp
Three body (3b) τfr ≥ max[τfr, ζw] 1.7αE + 1.0/τfr 3.2 b3b exp
[
−(0.7ζw/τfr)5
]
Note. — Summary of expressions to derive Pcol ≡ 2vab∗col when nebular drag influences the particle trajectories around
the protoplanet (ND=1). Expressions and parameters are normalized with Hill units: τfr = TfrΩ, ζw = vhw/vh, and αE =
RE/Rh. The critical friction times is defined by τ∗ = min(12/ζw, 2).
a The minimum impact radius is always the geometrical radius, bcol = αE .
regime, valid for τfr ≤ τ∗ one obtains bcol by solving a cubic equation
b3 + 2ζw3 b
2 − 8τfr = 0, (A1)
whose real solution is denoted bset. Similarly, we find the impact radii for the hyperbolic and three-body regime (bhyp and b3b,
respectively). Each of these regimes, furthermore, has a different expression for the approach velocity va. These expressions are
summarized in Table 4.
The expressions for bcol and va have been derived by OK10 using a simple physical model. These expressions are not continuous
across boundaries. In particular, this pertains to the behavior of bhyp which is often much lower than bset and b3b near the
boundaries. To provide for a continuous transition one can smooth the impact radii bcol by appending bset and b3b with an
exponentially-decaying tail, see the last column of Table 4. This causes the regimes to overlap, e.g., the validity of the full
settling regime is extended beyond τfr > τ∗fr. The smoothing exponentials are empirically determined by fitting the resulting Pcol
to the Pcol obtained from numerical integration.
The 2D accretion rate is then given by Pcol ≡ 2b∗colva where b∗col is the empirical (smoothed) variant of the analytically-derived
bcol (see Table 4). Thus, one obtains Pset = 2b∗setvset and, similarly, Phyp and P3b. By virtue of the exponential continuation,
multiple solutions now exist for a given τfr and for the final Pcol we take the maximum:
Pcol = max
(
Pset, Phyp, P3b
)
. (A2)
B. CALCULATION OF THE RADIUS ENHANCEMENT BY ATMOSPHERES, ASSUMING CONSTANT OPACITY
We will assume that the putative atmosphere of a growing protoplanet is radiatively supported. The equations for stellar
structure then read:
P=
kB
µmH
ρT (B1)
dP
dr =−
GM
r2
ρ (B2)
dT
dr =−
3κLc
64πσS B
ρ
r2T 3
(B3)
where P is the pressure, kB is Boltzmann’s constant, µmH the molecular weight, ρ the (gas) density, T the temperature, r the
height of the atmosphere as measured from the center of the protoplanet, κ the opacity, Lc the luminosity of the protoplanet, σSB
Stefan-Boltzmann’s constant and G Newton’s gravitational constant. We normalize the radial coordinate r to the Bondi radius,
x = r/Rb, where Rb = GM/γc2s , c2s = Pg/ρg the isothermal sound speed of the nebula, and γ = 1.4. Equations (B1)–(B3) are
further normalized by the nebula quantities, i.e., p = P/Pg, σ = ρ/ρg, and θ = T/Tg. Equations (B1)–(B3), in nondimensional
form, then read
p=σθ (B4)
dp
dx =−γ
σ
x2
(B5)
dθ
dx =−γWneb
σ
θ3 x2
(B6)
where Wneb is the only remaining parameter:6
Wneb =
3κLc
64πσSB
Pg
GMT 4g
. (B7)
6 The definition of Wneb differs by a factor of 4 from the W0 defined by
Inaba & Ikoma 2003.
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Figure 11. Solutions for the density σ = ρ/ρg as function of dimensionless radius x in case of constant opacity throughout the atmosphere. At large x the density
follows the isothermal curve. However, after a critical radius x1 (indicated by the cross) the envelope becomes pressure-supported and the density follows a x−3
law. Dashed-gray curves are the Inaba & Ikoma (2003) solution for the density structure.
Dividing equation (B6) by equation (B5) we can readily solve for the temperature as function of the pressure
θ4 = 1 + 4Wneb(p − 1), (B8)
where the nebular boundary condition θ(p = 1) = 1 has been applied. We now approximate equation (B8) assuming θ is small
(θ ≪ 1; nearly isothermal) or large (θ ≫ 1; pressure dominated). The boundary between these regimes is set at a radius x1 and a
corresponding density σ1. By construction, both solutions join at this point.
B.1. Limit 4Wneb p ≪ 1 (nearly isothermal)
When 4Wneb p ≪ 1 equation (B8) can be approximated as θ ≈ 1 + Wneb(p − 1). We then obtain
p = σθ ≈ σ(1 + Wneb(p − 1)) ≈ Wnebσ2 + σ(1 −Wneb). (B9)
With this equation and the chain rule, we write equation (B5) as
(2Wnebσ + 1 − Wneb) dσdx = −γ
σ
x2
. (B10)
Integration gives
2Wnebσ + (1 −Wneb) logσ = γ
x
+Cg. (B11)
Here the integration constant Cg, obtained from σ(x = 1) = 1, evaluates to Cg = 2Wneb − γ. We therefore find
1
x
≈ 1 + 2Wneb(σ − 1) + logσ
γ
(B12)
(where we assumed Wneb ≪ 1).
B.2. Limit 4Wneb p ≫ 1 (pressure dominated)
In this case we approximate equation (B8) as θ4 ≈ 4Wneb p. Then, equation (B6) reduces to dθ/dx = −γWneb p/θ4x2 = −γ/4x2
and θ = γ/4x +C1, where C1 is another integration constant. Using equation (B4) we have:
σ =
p
θ
=
θ3
4Wneb
=
1
4Wneb
(
C1 +
γ
4x
)3
. (B13)
The integration constant C1 may be found from the condition σ(x1) = σ1, i.e., C1 + γ/4x1 = (4Wnebσ1)1/3 and
σ ≈ 1
4Wneb
(
[4Wnebσ1]1/3 +
γ
4x
− γ
4x1
)3
; (x ≪ x1). (B14)
Thus, for x ≪ min(1, x1) the density scales as the cube of inverse radius, in agreement with previous studies (Stevenson 1982;
Inaba & Ikoma 2003).
B.3. Results
We yet need to specify the transition between the nearly-isothermal and the pressure-dominated regimes, that is σ1 (and
corresponding p1). If we put the transition at 4Wneb p1 = 1, σ1 can be obtained from equation (B9): σ1 ≈ p1/(1 + Wneb p1) ≈
W−1
neb/5. We therefore define
σ1 ≡
1
5Wneb
(B15)
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Figure 12. Solutions for the capture radius Ra, normalized to the core radius, as function of particle size for several protoplanet masses. The protoplanet is
placed at a disk radius of 5 AU and accretes particles at a rate of 1 M⊕ Myr−1. The eccentricity of the particles is fixed at eh = 4, independent of their size.
(from which x1 follows from eq. [B12]). The density structure calculated by our method is in excellent agreement with the full
analytic solution from (Inaba & Ikoma 2003). In Fig. 11 we show several examples.
Our approximation provides a 1-1 relation between the radius and the density, σ = σ(x). Inaba & Ikoma (2003) calculate that
a particle must experience a peak density of
ρa =
(6 + e2h)spρs
9Rh
(B16)
in order to lose a sufficient amount of its (3-body) energy to become captured by the protoplanet. Inverting the expressions
for σ(x) then gives us a direct solution for the capture radius (xa) in closed form. That is, using equation (B12) for densities
σa = ρa/ρg < σ1 and
1
xa
=
1
x1
+
4
γ
(4Wneb)1/3
(
σ1/3a − σ1/31
)
(B17)
for densities σa larger than σ1.
In Fig. 12 we plot the radius enhancement factor of the embryo (Ra/Rc) as function of particle size protoplanets of mass 0.1,
1.0, and 10 M⊕. For simplicity, we have fixed the Hill eccentricity at 4eh, although in reality this will be a function of particle
radius too. Likewise, the accretion rate is fixed at ˙M = 1 M⊕ yr−1. With these parameters the Wneb values are 2.8×10−4, 1.3×10−4,
and 5.9 × 10−5, respectively. The enhancement or Ra is largest for smaller particles as they are most affected by the drag. The
increase in Ra continues until the ‘boundary’ of the atmosphere is hit, which is given by the Bondi radius. The radius increase is
also a steep function of protoplanet mass. Figure 12 can be compared to Fig. 2 of Kobayashi et al. (2011).
C. STIRRING BY TURBULENT DENSITY FLUCTUATIONS
Planets (and planetesimals) are scattered by gas (over)densities induced by turbulence. The statistical distribution of these
torque fluctuations is determined by two key quantities: the amplitude of the rms-fluctuations, σΓ and the correlation time τc.
These allow us to define a diffusion coefficient, D j = σ2Γτc such that the induced eccentricity change becomes
e ≃ ∆ jj =
√
D jt
j (C1)
where j = a2Ω is the specific angular momentum. Squaring and differentiating with respect to time gives the stirring rate
de2
dt =
D j
j2 =
(
σΓ
j
)2
τc. (C2)
The magnitude of the fluctuations, σΓ, is redefined in terms of a nondimensionless parameter γt:
σΓ =
˜CΣγta4Ω2
M⋆
, (C3)
(Baruteau & Lin 2010) with ˜C = 2.4 × 102. If we assume that τc = Ω−1 we find
de2
dt =
(
˜Cγta2Σg
M⋆
)2
Ω. (C4)
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Baruteau & Lin (2010) relate γt to the diffusion parameter αss, γt = 8.5 × 10−2α1/2ss Hg/a. Inserting this expression in equation
(C4), these numerical constants we obtain a stirring rate of
de2
dt ≈ 4 × 10
2αss
(
HgaΣg
M⋆
)2
Ω (C5)
and a turbulent stirring timescale of:
Tts =
2e2
de2/dt
≈ e2 5 × 10
−3
αss
(
HgaΣg
M⋆
)−2
Ω−1. (C6)
It is instructive to compare the turbulent and viscous stirring timescales (eq. [16]):
Tts
Tvs
=
5 × 10−3
4π˜bαss
e2Rh
e2ha0
Pvs
(
Hga0Σg
M⋆
)−2
≈ 10
−5
αss
ME
M⋆
Pvs
(
Hga0Σg
M⋆
)−2
(C7)
≈ 1.0
(
αss
10−4
)−1 Pvs
10
(
ME/M⋆
10−8
) (
Hg/a
0.1
)−2 (
Σga
2/M⋆
10−3
)−2
, (C8)
where we used that e/eh = Rh/a0 = (ME/3M⋆)3. Thus, turbulent stirring may over dominate viscous stirring for small protoplan-
ets (small ME), massive disks (large Σg) at large disk radii (where the flaring is stronger), and large αss.
